We investigate bosonic sectors of supersymmetric field theories. We consider superpotentials described by one and two real scalar fields, and we show how the equations of motion can be factorized into a family of first order Bogomolnyi equations, so that all the topological defects are of the Bogomolnyi-Prasad-Sommerfield type. We examine explicit models, that engender the Z N symmetry, and we identify all the topological sectors, illustrating their integrability.
Introduction
Domain walls are defect structures that appear in diverse branches of physics. They usually live in three spatial dimensions as bidimensional objects that arise in systems described by potentials that contain at least two isolated degenerate minima.The interest in domain walls in general widens because of the interplay between Field Theory and the low energy world volume dynamics of branes in String Theory. In the present work we examine the bosonic portion of supersymmetric theories, similar to the above models, that are of general interest to supersymmetry. In particular, we present a method that helps solving the nontrivial issue of finding Bogomol'nyi-Prasad-Sommerfield (BPS) domain walls in supersymmetric theories.
Systems with a single real scalar field
The Lagrangian density that describe our system is
where W = W (φ) is the superpotential, and W φ = dW/dφ. We search for defect structures and the equation of motion becomes
We examine the energy of the static configurations, and we associate with the second order ordinary differential equation of motion the two first order ordinary differential equations
These first order equations are Bogomol'nyi equations and their solutions are named BPS states, which saturate the lower bound in energy and we see that solutions of the first order equations solve the second order equation of motion. We also see that it exist the possibility of factorizing the equation of motion into first order Bogomol'nyi equations and demonstrate this property by examining the ratio R(φ) = dφ/dx dW/dx
. We use this expression to write
where we have used the equation of motion. Thus,
does not depend on x for φ(x) that lim x→−∞ φ(x) → v k and lim x→−∞ (dφ/dx) = 0 and lim x→−∞ W φ = 0 with v k being a vacuum state. Thus we get that S(φ) = 0 this allows writing R(φ) = ±1, which gives the first order Bogomol'nyi equations.
Systems with a holomorphic complex scalar field
For W (φ, χ) harmonic, W φφ + W χχ = 0 we can work with a holomorphic complex superpotential, W (ϕ) = W (ϕ) in terms of the complex field ϕ = φ + iχ.
We consider the Lagrangean density
where W (ϕ) =
∂W ∂ϕ
and calculate the equation of motion
with a family of first order ordinary differential equations associated with it
where ξ is some real constant. These first order equations are Bogomol'nyi equations. The solutions of these first order equations also solve the second order equation of motion. Now, we show the factorization of the equations of motion into first order Bogomol'nyi equations by defining the ratio
and write
where we have used the equation of motion. Then,
is such that dS(ϕ) dx = 0 that is, when ϕ(x) solves the equation of motion, which
and lim
So, we get that S(ϕ) = 0 where
Thus we get that R(ϕ) = e −iξ for some constant ξ, which leads to the first order Bogomol'nyi equations.
Conclusion
The new idea of factorizing equations of motion into first order Bogomol'nyi equations is of direct interest to supersymmetry. It can be used in diverse applications, in particular to investigate the presence of BPS walls interpolating between distinct pairs of vacua, and exact integrability. The complete factorization of equations of motion in systems described by W (φ, χ) harmonic, or by W (ϕ) holomorphic, ensures BPS feature to domain walls that spring in such systems. Because of the associated BPS character, these domain walls partially preserve the supersymmetry. In Ref. [2] we present several examples of models, described by one and two fields, in which we use our result and find soliton solutions.
